Non-Gaussianity in the unified curvaton mechanism : The generalized curvaton 
mechanism that comprehends modulation at the transition 
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Generation of the curvature perturbation is calculated when the modulation is implemented in 
the generalized curvaton mechanism, in which the curvaton may not scale like matter. We first 
consider the slow-roll curvaton scenario with/without modulation at the end of the slow-roll, where 
the curvaton and the modulation share the same source of the perturbation. We calculate the non- 
linearity parameter using the non-linear formalism, which is the first exact analytical calculation of 
the non-Gaussianity created by the slow-roll curvaton. Unlike the conventional curvaton mechanism, 
in which }ml can become large but arbitrary, our result shows that /jvl ~ 0(10) could be natural in 
the typical inflating curvaton scenario. Our calculation is also valid in the conventional modulation 
that is usually caused by an extra light field, in which the curvaton and the modulation may have 
the individual (separable) source of the perturbations. For the separable perturbations we consider 
the simplest multi-field inflation. 

PACS numbers: 98.80Cq 



I. INTRODUCTION 

The primordial curvature perturbation £(fc) that exists 
on cosmological scales just before they start to enter the 
horizon is usually related to the perturbations generated 
during inflation. Recent observation suggests that £(&) is 
strongly constrained and provides a window on the very 
early universe [lj. 

The mechanism of generating £ can be diverse, but be- 
gins presumably during inflation. There are many pro- 
posals for generating the curvature perturbation from the 
field perturbations, which use one or more fields for the 
mechanism. 

The paradigm of the multi-field inflation scenario has 
been widely investigated, but it has usually been sup- 
posed that Q{x, t) evaluated at an epoch i Gn d just after 
the end of inflation is to be identified with the observed 
quantity. In this respect, a lot of papers consider the 
calculation of the spectrum of £ just at the end of infla- 
tion 

On the other hand, we know that multi-field inflation 
always lead to the multi-component Universe after in- 
flation, in which there could be significant evolution of 
the curvature perturbation after inflation [loj. The typ- 
ical example is the curvaton mechanism, in which the 
mixed state of the radiation and the matter causes sig- 
nificant evolution of the curvature perturbation [ill E3 ■ 
Recently, the curvaton mechanism has been extended to 
include the slow- rolling field [13]. And more recently, it 
has been shown that the curvaton mechanism works in 
the conventional multi-field inflation without introduc- 



ing an extra light field as the curvaton [lOj . These recent 
works show that the evolution "after" multi-field inflation 
is more diverse than it has been expected, and that the 
mechanisms will be practically important for the creation 
of the perturbations of the Universe. 

In this paper we go further and point out that the 
actual calculation of the curvaton mechanism might well 
depend on the modulated transition [lij 1 , even if there is 
no moduli that causes conventional "modulation" . When 
it is "modulated" , the hypersurface of the transition does 
not coincide with the uniform density hypersurfaces. The 
typical example of this kind is the modulated reheating 
scenario , although the original model considers only 
the single-component Universe. Considering the modula- 
tion in the multi-component Universe, and also including 
a slow- rolling component, we find that the modulation is 
sometimes caused by the conventional isocurvature per- 
turbations that have been used for the curvaton mecha- 
nism. 

Moreover, given that multi-field inflation (e.g, In- 
flation [l6j]) is general, and it usually ends with the multi- 
component Universe, any kind of modulation must be 
extended to the multi-component Universe, where the 
curvaton mechanism is important in the same way. In 
that case, one needs to consider both curvaton and mod- 



1 Sometimes the curvaton mechanism assumes sudden-decay ap- 
proximation. In this paper, abrupt change of the density scaling 
relation is assumed for the "transition" . 
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ulation at the same time. 

We basically use the SN formalism for the calculation. 
In this formalism, £ is defined by smoothing the energy 
density p on a super-horizon scale shorter than any scale 
of interest. Then the local energy continuity equation is 
given by 



dp(x,t) 
dt 



3 da(x,t) 
a(x,t) dt 



(p(x,t)+p{x,t)), (1) 



where t is time along a comoving thread of spacetime and 
a is the scale factor. 

During inflation, the vacuum fluctuation of a light 
scalar field 4>i is converted at horizon exit to a nearly 
Gaussian classical perturbation with spectrum H/2n. 
Here H = a(t)/a(t) is the Hubble parameter defined in 
the unperturbed universe. The SN formalism gives 



£ = 6[]n(a(x,t)/a(U)]=6N, 



(2) 



where taking t* to be an epoch during inflation af- 
ter relevant scales leave the horizon, one can assume 
N((f>i(x, U), <fe (z, U), ■••,*,£*) so that 
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C{x,t) = Ni5<pi(x,t*) + -N i:j 5(t>j(x,U) + 



(3) 



where a subscript i denotes the derivative with respect 
to <f>i, which is evaluated on the unperturbed trajectory. 

In the curvaton calculation [III [13] one usually assumes 
that these expressions are dominated by the single "cur- 
vaton" field <7, which starts oscillating in the radiation 
dominated Universe when a has the negligible contri- 
bution to the curvature perturbation. Then the non- 
Gaussianity parameter is given byJTJI, [l9l ] 
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(4) 



where g(o*) is the initial amplitude of the oscillation as a 
function of the curvaton field at horizon exit [l8j , and r a 
is defined as r\ in the later paragraph. The above result 
is obtained for the two-component Universe, in which one 
component behaves like matter while the other behaves 
like radiation. Our calculation is aimed to generalize and 
extend the above results including any kind of fluid for 
the components. 

In this paper we consider the non-linear formulation 
defined in Ref. (UHI; 



= SN- 
= 5N- 
~ 5N- 



dpi 



p. 3(1+Wi)pi 



1 



ln|* 



3(1 + Wi) \p 

1 Spf 
3(1+ Wi) pi 



(5) 



where Spf° will be defined in Eq.Q. Here Wi = 1/3 for 
the radiation fluid and w, = for the matter fluid. A 



bar is for the homogeneous quantity, and pi is defined on 
the uniform density hypersurfaces. Due to the isocurva- 
ture perturbations, pi and pi are different in the multi- 
component Universe. The curvature perturbation of the 
total fluid should be discriminated from the component 
curvature perturbation Q. The standard definition of the 
adiabatic perturbation is given by 



SN = -H 



Sp adl 



(6) 



where <5p adl = ^ 5pf dl must be evaluated on the spa- 
tially flat hypersurfaces. In contrast to 5pf dl , the isocur- 
vature quantity 5pf° is related to the fraction perturba- 
tion defined on the uniform density hypersurfaces. Using 
the homogeneous density pi, the isocurvature density per- 
turbation is defined on the uniform density hypersurfaces 
as 



8/$ 



Pi - Pi, 



(7) 



which satisfies J2i 8pf° = 0. In the multi-component 
Universe, the uniform density hypersurface defining uni- 
form p = Y^,i Pi is usually different from the one defining 
the uniform pi hypersurfaces for each component. 
We find from the second line of Eq.©; 



Pi = Pie 



3(l+Wi)(Ci-SN) 



(8) 



Using the above equation, the definition of the total en- 
ergy density p total = p l + p 2 = p~ 1 + p~ 2 on the uniform 
density hypersurfaces leads to 

f ie 3(l+™i)(CiSN) + (1 _ e 3(l+«> 2 )(C 2 -5W) = lj /g^ 

where the fraction of the energy density is defined by 

Pi 



Pl + P2 



(10) 



Expanding Eq.@ and solving the equation for SN, we 
find at first order 



SN = nCi + (1 - ri)Ca 

= her + (i - nxr] +c 



adi 



(ii) 



where Q so = (i — C adl is introduced in the last line, ri is 
defined by 



3(1 + w\)pi 



3(1 + w\)p\ + 3(1 + w 2 )p2 



(12) 



Note that £ adl is identical to SN at the time when the 
initial quantities are evaluated. Usual curvaton scenario 
assumes SN — £ adl = at the beginning and it defines 
the initial condition. Q is constant in the usual curvaton 
scenario dTj] ; in that case both Q so and C adl are constant 
in the above definition. SN is time-dependent when r% (t) 
is changing, which defines the curvaton mechanism. The 
parameter r\ is important for the non-Gaussianity. n ~ 
0.1 will be justified later in this paper. 



The definition given by Eq.(fTTj) can be used anytime 
and for any long- wavelength perturbations. However, be- 
cause we are formulating the evolution of the adiabatic 
perturbation that is caused by the adiabatic-isocurvature 
mixings, we need first to define the "starting point" at 
an epoch and then we can discuss the "evolution" there- 
after. The quantities evaluated at the starting point is 
denoted by the subscript "ini" . 

When we calculate the evolution of the curvature per- 
turbation using the curvaton mechanism, £ adl and Q are 
evaluated at the "starting point" and d is supposed to 
be constant thereafter. SN in Eq. fTTj) is identical to £ adl 
at the "starting point" , but apart from that point the 
evolution causes 5N ^ £ adl . This gives the basic mech- 
anism of the generalized curvaton mechanism, which is 
valid even if the curvaton is not scaling like matter. 

The primordial perturbations are usually evaluated at 
the end of the primordial inflation (t = i e nd) ; while the 
corresponding scale exits horizon at < i cn d- Using pi 
evaluated at the end of inflation, Q is given by 



Pi, 



Ptotal 



n In pi 

Modulation at the end 
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three phases (A, B 
shown in the figure. 



C). Typical modulation scenarios are 



^i.end 
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3(1 + Wi j0 „d) 

/■'mi i Aso 

S ~r Si, end' 



In 



Pi, end 
Pi, end 



(13) 



where £ mf is the primordial curvature perturbation that 
is created during the primordial inflation. Here £ mf , 
Ci.end, Q s ° nd and p^end are evaluated at t = t cnd . 

Later in this paper we consider the secondary inflation 
for the curvaton mechanism (the inflating curvaton). In 
that case the end of the secondary inflation is denoted by 
the subscript "e" , which should be discriminated from the 
subscript "end" used above. 

In the standard curvaton scenario the transition at the 
end (i.e, the curvaton decay) usually occurs on the uni- 
form density hypersurfaces. In that case there is no mod- 
ulation, and the creation of the curvature perturbation 
is simply due to the curvaton mechanism. 

On the other hand, in the standard modulation sce- 
nario (the modulated reheating |15[ and the modulated 
end of inflation [22j]), the transition is modulated but 
there is only one component in the Universe. 

In this paper we are considering the unification of the 
two scenarios. In the original modulation scenario the 
source of the modulation is supposed to be the extra 
light field (moduli), but the source of the modulation 
could be diverse when the modulation is implemented 
in the generalized curvaton mechanism. In this paper 
we show that the modulation in the generalized curvaton 
scenario can be sourced by the conventional isocurvature 
perturbation that is identical to the source of the curvaton 
mechanism. The new modulation scenario is discussed 
for the generalized curvaton model using the unified non- 
linear formalism. 



II. THE GENERALIZED CURVATON 
SCENARIO WITHOUT MODULATION 

A. Inflating Curvaton 

In this section <pi is the curvaton and <f>2 is the infla- 
ton of the primordial inflation. For simplicity, we assume 
that <p2 decays instantly just after inflation, while <f>i de- 
cays late at Hdi <C Hj. There is no mixing between <pi 
and 4>2- Here Hj denotes the Hubble parameter during 
the primordial inflation. The sinusoidal 0i-oscillation of 
the curvaton field starts at -ffosc- 

Then, there are three phases (A,B,C) characterized 
by the parameter wi, which are separated by H = H osc 
and Hdi', 

(A) (j>i; slow- roll, p2', radiation 

(1 + wi — e w -C 1, it>2 = 1/3) 

(B) 0i ; oscillating, p2] radiation 
(wi = 0, w 2 = 1/3) 

(C) pi; radiation, p2] radiation 
( Wl = 1/3, w 2 = 1/3), 

where e w -C 1 is not always a constant [L3| . In contrast 
to (i, which changes time to time, (2 is always invariant 
during the evolution. (See also Fig|T]) 

Basically, the evolution of the curvature perturbations 
during the slow-roll phase (A) is not simple, because £1 
is not constant in this phase. We thus need further sim- 
plifications of the scenario; 



1. As far as P2 is dominating the Universe, we always 
find r\ ~ e wj^ < £w "C 1. During this period the 
curvaton mechanism is negligible. 
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2. The curvaton mechanism becomes significant when 
Pi starts dominating the Universe (the inflating 
curvaton). Note however that r\ is still small 
(ri ~ fii < 1) at the beginning of the curvaton 
inflation. 

3. Q\ is not always constant but behaves like constant 
somewhat after the beginning of the curvaton in- 
flation [l3j]. In that case the initial (starting-point) 
perturbation can be calculated at that moment. At 
the end of the curvaton mechanism (i.e, after the 
significant evolution of the curvature perturbation) 
one will find r± 3> e w . 

Just after the beginning of the curvaton inflation, we 
define the initial perturbations 



U,mi — Sini T <,! 



>iso 
,ini" 



(14) 



Using the same argument as in Eq.fllip. we find the cur- 
vature perturbation just before the end of the curvaton 
inflation; 



5N_ = n_Ci- + (i-n-)C2- 
— fi-Ci,ini + (1 - ri_)Ca,i 



where 



ri- 



3e w pi- 



3e w p!- + 4p 2 - 



(15) 



(16) 



Here the minus sign denotes the quantities just before 
the transition. The quantities satisfy pi_ ~ pi,i n i and 
pi.ini ~ p2,ini 3> P2- for the inflating curvaton. 

Then, we find the curvature perturbation created by 
the evolution [lal 2 . 



SN 



3e w pi- + 4p 2 - 



(17) 



For the curvaton inflation that starts at p\ ~ P2, we 
find 



In 



Pi- 

92- 



ln e„ 



1/4 



In 



1-ri- 
ri- 



ln- 



3 



(18) 



If the curvaton inflation is very short, we find that the 
denominator of Eq. flTTT) gives 3e TO _pi_ + ip 2 - — 4p 2 -. 
In that specific case we find 



SN : 



short 



1 frffini 

4 p 2 - 



ISO 

ini 



*$€w Pi, ini 

while after enough e-foldings we find 



SN long 



1 Spi 



ISO 

ini 



3e w _ px ix. 



(20) 



(21) 



Obviously, the curvature perturbation created during the 
evolution satisfies <5iV short < <5iV long , which shows that 
longer inflation (curvaton inflation) is more efficient for 
the curvaton mechanism. Note however the above result 
is valid only when the end of the curvaton slow-roll coin- 
cides with the uniform density hypersurfaces; otherwise 
the modulation at the end may not be negligible. 

Later in this paper we will show how the significant 
modulation is possible when the slow-roll ends without 
inflation. 



B. More on non-Gaussianity in the generalized 
curvaton mechanism 



In this paragraph we are basically following the non- 
linear calculation in Ref.[l9j], extending the calculation 
to include the slow-rolling curvaton. Generally one can 
expand 



00 1 



k=l 



(22) 



where S^4>i is a Gaussian random field. The primordial 
perturbation can be expanded as 



00 



fe=2 



(23) 



where Q is Gaussian. Non-linearity parameters are de- 
fined for the adiabatic perturbation £; 



where N e is the number of e-foldings elapsed during the 
curvaton inflation and we find from Eq. (fT( 



4ri 



Pi- 



3e w (l - ri_) 



P2- 



(19) 



C = C (1) + jj WC (1) ) 2 + |WC (1) ) 3 + (24) 

Assume that the curvaton potential during the curva- 
ton inflation is approximated by 



2 The standard assumptions of the curvaton mechanism are £2 *C 
fl and f mf ~ 0. The above result is obtained using these as- 
sumptions. 



1 



pi=V a ± ~m 2 <f>l, 



(25) 



where the effective mass term may have either positive 
or negative sign. 
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Using the Gaussian quantum fluctuations at the hori- 
zon exit (Stfri*), we can write fl9l 



In that case we write 



!>l,ini 



and expand [l| 



oo 



fe=l 



(26) 



(27) 



(28) 



where we wrote = d n g/d(j>i )f . Assuming that 5N <C 
£i for the starting-point perturbations 3 , we find 



0l . . ~ 5l . . e 3(l+^i,im)Cl 



(29) 



Although e w is approximately constant during evolution, 
one cannot ignore its perturbation. We find for e w oc cf>": 



(30) 



Here n = 2 for the quadratic potential in the slow-roll 
scenario. 

In the calculation below we will omit the subscript 
"ini" when it is apparent. Substituting Eq. ([28|) into 
Eq. ([29| we obtain for the inflating curvaton; 



V ± k 2 



3£„Cl 



9 T 2^fc=l fel5 \g' fa J 



V ± im 2 g 2 



(31) 



where (1 + w^ini) = e ffi is assumed for the inflating 
curvaton. Order by order, we have for the expansion 



— m 2 gS(f)i 



^ 2 



Pi 



m 2 | 1 



99' 



(32) 
(33) 



Defining the ratio R = ±|m 2 (/)j/ pi, we find for d = 

/•(l) , 1 a(2) , 1 A3) , . 
Si T 51 Si T 31 Si T 



^(i) ^ 2i? (50i 
1 36^ 6] 



CI 



(2) 



36^; 

"2~R 



1-2^+^-4 (C^) 2 . (34) 



In the last line, —4 appears from the expansion of e w , 
which plays an essential role to get a signature of /jv l as 
will be seen later. In the slow-roll phase (A), we find 



(35) 



Assuming £2 <C 5N and expanding the equation, we ob- 
tain at first order 



fr3e w Cr-tN^ 



= 0, (36) 



where the expansion is given by 5N = SN^ + -kSN^ 2 ' + 
±SN(V + .... We can solve this equation as 

^W^riC^riCi^ (37) 
At second order, we find 

-4(1 - fi)SN^ + 16(1 - /i)(<WV (1) ) 2 

+3e wfl (C x 2) - + 9e 2 wfl (c« - <5A^>) 2 

+6e«/(C 1 (1) -5iV«)=Q, (38) 

where the last line includes e w expansion. We thus find 
that 



3e w fi 



4(l-/i)+3e w /i7 \3e w fr 



1 



16(l_ /l) + ^iA 



(2) 



(SN^) 2 



9C/i ( - 



n \r 1 

1 3e w 
ri 2R 

16 
3e„ 
1 3e 



R 



9j_ 

9 2 

1-/ 
/ 



-3 



3e w ri 1 - 



1-1 
ri 



3e w 
i? 



1 



where 



55 

ri 2i? V 9 2 

3e w 

— 7; + 3e w 
r\R 

x(6N^) 2 , 



n 











4); 






3e w fi 


4(1- 


-fi) + 


3e w fi 



(39) 
(40) 



has been used for the last equality. Our result reproduces 
the calculation of the standard curvaton when e w = 1 (no 
expansion) and R = 1. 

We thus find the non-Gaussianity parameter for the 
slow-rolling curvaton; 4 

1 5e w ( gg" 
J NL ~ 7TT /a" - 1 

n 4i? v .9 2 



3 <57V < is always needed for the curvaton mechanism. Other- 
wise the curvaton perturbation cannot dominate the spectrum. 



4 This is partly different from earlier naive calculations 11311 . 



n R 



In contrast to the standard curvaton, a minus sign R < 
is possible for the hilltop potential |H/, which gives 
a positive /nl- For the quadratic potential we find 
e w /R ~ |r/i =const. for the slow-roll curvaton, where 
r/i = m 2 /3H 2 is the conventional slow-roll parameter 
during the curvaton inflation. 5 

One may choose either 771 ~ 1 or 771 -C 1 for the specific 
model. 

It is notable that /nl can be expected to become the 
order of O(10) in the inflating curvaton model. Al- 
though 771 <C 1 is expected in the radiation domina- 
tion epoch [24], rji can become the order of unity dur- 
ing the curvaton inflation if the mass is not protected 
by the symmetry. When 771 ~ 1 induces fast-roll in- 
flation [25], the number of e- foldings is not large, e.g., 
N e ~ 0(1) is expected in that case. Therefore we can 
expect ^ ~ 771 ~ 1 and r\ ~ 0.1 at the same time, 
which gives /nl ~ 0(10) as a natural expectation of 
the current model, 6 although the precise value of the 
non-Gaussianity depends on the initial conditions (more 
specifically on the "starting point" ) and the details of the 
transition. In that sense, numerical calculation is man- 
dayory for further study. 

In the above calculation we have considered a sim- 
ple quadratic potential. However, the curvaton potential 
during inflation may be given by a polynomial; 



Pi 



To 



A 



n M n ~ 4 ' 



(42) 



and e w could have non-trivial (^-dependence. In that 
case, assuming the instant decay after the slow-roll phase 
(A), we find for the inflating curvaton 



Pi 



V 



x 4>\ 



n M r ' 



(43) 



For the fast-roll scenario, €w will have a different r\- 
dependence 32]. For the fast- roll field one will find cH(f>\ ~ V 
with the coefficient defined by c = (3 + i/9 — 12tji)/2, which 

gives —H^t±- ~ ^p^- Our definition of <l w (p = —3He w p) 

01 iVl 91 K ' 

can be combined with p ~ V'd>i to give -H?t± ~ 
One may choose either c or e w . The choice of the definition can- 
not cause any discrepancy in the result. The expansion of e w 
may not be trivial in the fast-roll scenario. See later section for 
the generalization. 
6 The spectral index requires r}i <C f during primordial inflation, 
which must be explained in the specific inflationary model that 
creates the primordial perturbation 84>i at the horizon exit. (No- 
tice that we are using "wi" both in the primordial inflation stage 
and in the curvaton stage. The argument of the time is omit- 
ted.) Here we are expecting that the mechanism that suppresses 
r)i during the primordial inflation is not valid during the curvaton 
inflation. 



Defining the ratio 



\ g" 



Pi 



and assuming e w cx <f> , we find order by order; 



(i) _ nR_ jj^tl 

3tw 4>i 4>i 



CI 



(2) 



CI 



(1) 



3c w 
~2R 



n(n — 1) n 2 n gg" 
~2 Y R+ 27 2 ~ 



21 



(45) 

(46) 
(47) 



In the slow- roll phase (A), the non-linear formalism gives 
Eg. (f3"5)l . Expanding the equation, we obtain Eq. ([3T>)) . At 
second order, we find 



SN^ 2 



(6W 



ma 



3£iu/l 



4(l-/ 1 ) + 3e K ,/ i ; \3e w fr 



1 



16(1 - fi) 



3e w /i Ci 



(2) 



r t (C (D )2 

2 



+$elfi 



3e?..Z 



2R 



1 3e w ( n(n — 1) 4 — n 
nliR 



R 



n gg 
2Y 1 



21 



-Se w ri 1 

Jl 



3e™ V / 



j_ _ ^\ 3e,„Z 



2R 



1 2>e w ( n{n — 1) 4 — ri" i n gg 



n 2R y 2 2 

-6e w + 4 + (3e w - 4)n 

( 1 I 
+3£ - U ~ 2R 

Here the last equation is obtained using 

_ 4ri 
;i ~ 4n+3e u) (l-n)" 

We thus find the non-Gaussianity parameter 

5c 



2 g 



(48) 



(49) 



NL 



Ar x R 
-15e 



u(n — 1) 4 — n 2 n gg" 



2 
- 10 



3 

5em / 1 l_ 

~2~ \n 2R 



15e„ 



20 



(50) 



The standard curvaton corresponds to n = 2, I = 0, 
i? = 1 and 6m = 1. 
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C. The Oscillating Curvaton 

During the oscillating phase (B) we always find w\ = 0. 
Therefore £i evaluated at the beginning of the oscillating 
phase (B) remain constant thereafter. 

Considering the same calculation as in Eq. (lll[) . we find 



8N = nCi + (1 - ri)6, 
where in phase (B) we have 

3pi 



3pi + 4p 2 ' 



(51) 



(52) 



The "starting-point" quantities should be evaluated at 
the beginning of the oscillating phase (B). We thus find 



5N ini = Oni + [ri,iniCi%i + (1 - n h,i)Ci 



(53) 



Apart from the starting-point, the evolution of the cur- 
vature perturbation is caused by the time-dependent pa- 
rameter n and is given by 



sn = Cim + nCfLi + (l - ri)C 



ISO 

2,ini' 



(54) 



where the evolution of the curvature perturbation (SN 
Cini) is possible due to the evolution of r\. 

In the standard curvaton model, the beginning of the 
oscillating phase (B) is defined by the uniform density hy- 
persurface H ~ m, and the end is defined by the uniform 
density hypersurface H ~ T. Therefore the modulation 
does not appear in the standard curvaton model. The de- 
viation from the quadratic potential causes modulation 
at the beginning of the oscillation 26i] . Note however that 
the deviation from the quadratic potential does not allow 
instant approximation at the transition, since the oscilla- 
tion caused by the non-quadratic potential may not scale 
like matter immediately after the slow-roll phase. In that 
case the numerical study is essential [26l |. 

Later in this paper we will calculate Ci.ini when there 
is modulation at the beginning of the oscillating phase. 
The calculation is essential when the hybrid curvaton [27] 
does not cause secondary inflation. In that case the 
hypersurfaccs defining the end of the slow-rolling phase 
(uniform p\ hypersurface defined by the waterfall) is sig- 
nificantly different from the uniform density hypersur- 
faces of the total density. 



III. MODULATION IN THE CURVATON 
MECHANISM 

A. Modulation in the non-linear formalism 

The modulation at the transition {w%- — > u>i+) can be 
implemented in the curvaton mechanism. Assuming that 
the transition occurs at the density p x , the non-linear 
formalism can be separated as 



( t = SN- 



3(l + w l+ )p l J Px 3(1 + iUi_)/5i 



dpi 



SN - 



* In ^ 

3(l+io i+ ) \pi 



1 



3(1 



lnl^i 



(55) 



Here pi (pi > p x > pi) is placed after the transition so 
that it gives a well-defined starting-point for the curvaton 
mechanism after the transition. 

In the pure curvaton mechanism we usually take the 
limit p x — > pi. (The transition is identical to the uni- 
form density hypersurfaces.) In that case we can find Q 
(for the transition from the slow-rolling phase (A) to the 
oscillating phase (B)) 



Ci = SN + Wf^ 

3 \Pi 



(56) 



which is identical to the conventional calculation of the 
curvaton mechanism. 

On the other hand, for the hybrid curvaton [27| we 
must take the opposite limit p x —> pi, where the criti- 
cal point of the hybrid-type potential gives p x = Pi = 
V((j>i tC ). In that case we can find (in contrast to the con- 
ventional curvaton); 



= 8N+^-\J P 4 

oe w \ p t 



(57) 



which is enhanced when e„ « 1. Note that the en- 
hancement is not due to the "evolution" (i.e, the cur- 
vaton mechanism), but caused by the "modulation" at 
the transition. In this case the evolution thereafter is 
nothing but the usual curvaton while the initial perturba- 
tion is enhanced by the "modulation" . Unlike the usual 
modulation, the above "modulation" is not due to the 
perturbation of an additional light field. 

In contrast with the inflating curvaton, the hybrid cur- 
vaton [27} does not always assume the curvaton inflation. 
Then the "modulation" discussed above can play the cru- 
cial role. 

This gives the new scenario of the modulation caused by 
the isocurvature perturbations. The source of the modu- 
lation is the isocurvature perturbation, which is identical 
to the conventional source of the curvaton mechanism. 
The gap between the uniform p\ hypersurfaces and the 
uniform density hypersurfaces is the source of the modu- 
lation. Note however that in the single- component Uni- 
verse there cannot be such modulation. 

In contrast to the "modulation" discussed above, the 
"usual modulation" uses independent perturbation 5p x ^ 
and the Universe is dominated by the single component. 
For instance, we know that 

1. ST ^ in the single-component Universe causes the 
modulated decay [15 1 



2. S4> c ^ in the hybrid inflation model leads to the 
modulation of the critical point, but the density of 
the Universe is basically dominated by the single 
component. This scenario is sometimes called "the 
end of inflation" model [22|. 
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In the next section we will discuss the usual modulation 
implemented in the multi-component Universe. 



IV. MODULATION CAUSED BY THE 
INDEPENDENT MODULI 

In this section we just consider the oscillating curvaton 
and the background radiation. The modulated decay of 
the curvaton is caused by the extra light field. 

1. Modulated curvaton decay 

If p 2 > pi before the decay, the radiation domi- 
nated Universe leads to H 2 a a -4 , which gives 



1ST 
2~F' 



(58) 



where a x is the scale factor at the curvaton decay. 
The density perturbations created after the transi- 
tion is 

~ 6{wi+ - wi-) 

a x 



Pi 



1ST 
2 T~* 



(59) 



Therefore, the curvature perturbation generated by 
the modulation is 

C _ 1 JJ1 
4 p 

_ip±sr 
8 p r ' 



(60) 



Here the factor r = Pi/p <C 1 can be used to en- 
hance the non-Gaussianity, however the situation is 
completely the same as the conventional curvaton 
model. 

2. Modulated decay (original scenario) 

If pi > p2 before the decay (matter dominated) , we 



have H 2 



, which leads to 



2Sr 

37' 



(61) 



This corresponds to the usual scenario of the mod- 
ulated reheating (single component modulation), 
and gives 



1ST 

6 r ' 



(62) 



A. Modulation and curvaton after multi-field 
inflation 

If the modulated decay and the multi-field inflation are 
the generic properties of the string theory, the modula- 
tion must be considered for the N-flation. 



To illustrate our modulation mechanism in the typi- 
cal multi-field inflation scenario, we consider a potential 
in which two inflaton fields have the identical mass [loj . 
The two-field chaotic inflation model has the symmetric 
potential given by 

V(<h,<h) = \™ 2 (l-^il 2 + \^\ 2 ) = \m*\<j>r\\ (63) 

where we assumed that <\>\^ 2 are complex scalar fields. We 
can define the angle 9 defined as tan6> = which leads 
to the densities just at the end of inflation 

1 



Pi, 



^m 2 M 2 sin 2 9 

-m 2 M 2 cos 2 0. 
2 p 



P2,end 

In this model, the primordial perturbations are 

1 Sd> r:t V ' N P m 



(64) 



>inf 



T] (j) r 



C + T, 



2cos6» „„ 



C: 



2. end 



c 



inf 



3 sin 9 
2 smO 



3 cos 9 



(65) 



where the fraction perturbation is sourced by the entropy 
perturbation 5s during inflation. We find 



H, 



1 



in 



5s t 



(/)„ 2w4> r * 4:iry/6N e M p ' 



(66) 



Besides the potential, which is nearly symmetric, we 
need the decay rate Ti = + STi and T 2 = f 2 + ST 2 
for the fields. 7 For simplicity we assume T 2 > Ti and 
ST 2 <C 5T±. In this section we assume p 2 > p± before the 
decay. 

The component <p 2 decays at H — T 2l then <f>\ decays 
at H = Y\. When <f>i decays the density ratio /i = 
Pi/ptotai is given by 



/i|ff=ri = sin 2 9 J — . 



(68) 



The creation of the curvature perturbation caused by the 
evolution (the curvaton mechanism) gives [Io| 



6N\ C 



/l|if=riCl,end 



(69) 



7 The basic assumption behind this modulation is 



giirii 



(67) 



where <pj is the moduli that determines the coupling constants 
in the effective action. 
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while the modulated decay creates the curvature pertur- 
bation; 



<5iV| r 



1 , STi 
sin 2 6> [T^STi 



(70) 



The domination by the modulated perturbation is pos- 
sible if (5iV| mo d dominates the curvature perturbation. 
From the above calculations we find that C inf < SN\ mod 
gives 



1 



ITi STi 

Vgtt sin 2 e m p V r 2 r 



^ < -?A (71) 



while 5N\ C 



< SN\ mod gives 

4 cos 9 m STi 
3y/6NeiT sin 9 ~M~ p < T7 



(72) 



Comparing the two conditions, the latter condition be- 
comes significant when 



i /r 2 

N e < — sin0cos0W — . 
3 V J- 1 



(73) 



The non-Gaussianity parameter gives another bound 
for the modulation. Since the non-Gaussianity parameter 
Jnl is estimated as Jnl — 4J7 when it is large, /atl <C 
10 2 gives 



sin" 




(74) 



V. CONCLUSIONS AND DISCUSSIONS 

In this paper we calculated the curvature perturbation 
for the generalized curvaton mechanism, including the 
curvaton mechanism caused by the slow-rolling curvaton. 
Our result shows that Jml ~ O(10) could be natural for 
the generalized curvaton mechanism. 

In this scenario, modulation can be implemented in 
the curvaton mechanism. To explain the mechanism, the 
typical two-component Universe is considered, in which 
one component (curvaton) is slow-rolling. We first con- 
sidered the new modulation scenario in which the source 
of the modulation is identical to the usual isocurvature 
perturbation that has been used for the conventional cur- 
vaton mechanism. 

Then we considered the conventional modulation in the 
multi-component Universe 8 . 



When we are finishing this manuscript, a paper appears [2SJ but 
the modulation is "not" considered for the curvaton but for the 
inflaton. 



In this paper the modulation is specifically defined as 
the "inhomogeneous transition" in the curvaton sector, 
where the transition in the scaling of the density does not 
coincide with the uniform density hypersurfaces [lij . 

We examined the curvaton evolution and the modu- 
lation in the generalized curvaton scenarios, such as the 
inflating curvaton and the hybrid curvaton. For the slow- 
rolling curvaton, we calculated the non-Gaussianity us- 
ing the non-linear formalism. This is the first calculation 
of the non-Gaussianity created during the slow-rolling 
phase of the curvaton. The relation between the cur- 
vaton evolution and the modulation has been revealed 
using the non-linear formalism. 

For our purposes, we took the simplest set-ups for the 
calculation, which requires further study; 

1. The instant phase transition is considered for sim- 
plicity, but the transition should be more compli- 
cated depending on the details of the model pa- 
rameters [29]. In the standard curvaton scenario 
the sudden-decay approximation gives a good intu- 
itive derivation, however in practice the curvaton 
density is continually decaying into radiation. 

2. In this paper, we were avoiding the interaction be- 
tween components 30]. If the interaction is sig- 
nificant the dissipation may appear, which (in the 
most extreme case) may lead to warm curvaton sce- 
nario 31]. 

3. In this paper the second component is always the 
radiation so that we can capture the essential of the 
scenario, however the assumption may not be valid 
in practice. We need to discuss multi-component 
Universe that could be a mixture of the slow- 
rolling, matter and radiation. 

4. We have pointed out that the curvaton evolution 
and the "modulation" might be significant after 
conventional N-flation, however the model consid- 
ered in this paper is based on the two-component 
Universe. We thus need some statistical argu- 
ment for the evolution of the perturbations after 
N-flation. 

Our calculation reveals the essential of the modulation 
and the generalized curvaton scenarios, giving intuitive 
arguments and the calculational details. 
Note added: While finalizing this paper, we found a pa- 
per by M. Kawasaki, T. Kobayashi and F. Takahashi [32[ 
which has some overlaps with our models. 
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